In this work, we investigate the performance of a dual-hop multiple relays system consisting of mixed Radio-Frequency (RF)/Free Space Optical (FSO) channels. The RF channels are subject to Rayleigh fading while the optical links experience the Double Generalized Gamma including atmospheric turbulence, path loss and the misalignment between the transmitter and the receiver aperture (also known as the pointing error). The FSO model also takes into account the receiver detection technique which could be either heterodyne or intensity modulation and direct detection. Partial Relay Selection with outdated Channel State Information is assumed based on the RF channels to select a relay and we also consider fixed and variable Amplify-and-Forward relaying schemes. In addition, we assume that the relays are affected by the high power amplifier non-linearities and herein we discuss two power amplifiers called Soft Envelope Limiter and Traveling Wave Tube Amplifier. Furthermore, novel closedforms and tight upper bounds of the outage probability, the bit error probability, and the ergodic capacity are derived. Capitalizing on these performance, we derive the high SNR asymptotic to get engineering insights about the system gains such as the diversity and the coding gains. Finally, the mathematical expressions are validated using the Monte Carlo simulation.
to the limited spectrum and expensive access licence. Although, many research attempts in cognitive radio allow parallel utilization of the bandwidth between the primary and secondary users, the last ones still suffer from the spectrum drought since they are always benefiting from some spectrum holes left by the primary users. Moreover, the backhaul network cannot support the big data flow even for the licenced primary ones. Recent attempts have proposed the usage of optical fibers (OF) as a solution for the backhaul network congestion. However, for ultra dense cellular networks, a large number of OF are needed given that these cable installations are very costly and the space installation of such cables to serve large number of cells/users are limited and even restricted in some areas. To support such network densification, Free Space Optical (FSO) technology has been recently proposed as an alternative or complementary solution to both RF and OF due to its flexibility, free spectrum access licence, power efficiency, cost effectiveness, no installation restriction and most importantly it is a way to densify the cellular networks with limited congestion and delays [1] , [2] . Due to these advantages, FSO is seen as the corner stone of the-fifth generation (5G) since it is predicted to achieve 25 times the average cell throughput, 10 times the spectral/energy efficiency, 1000 times the system capacity and from 10 to 100 times the data rate compared to the LTE or the fourth-generation (4G) [3] , [4] . Besides, FSO systems employ a narrow laser beam which offers a high security level, immunity to electromagnetic interference and operating frequencies above 300 GHz. Because of these advantages, FSO technology has been considered as a possible solution for the last mile problem to bridge the bandwidth gap between the end-users and the OF backbone network.
Moreover, the FSO technology has been also applied over the following applications such as enterprise/campus connectivity, video surveillance and monitoring, backhaul for cellular systems, redundant link and disaster recovery, security and broadcasting [1] .
A. Motivation
FSO technology becomes a reliable and promising technique which has recently gained enormous interests especially in mixed RF/FSO systems. Previous work have proposed various channel models for the optical fading. In fact, Log-normal distribution is widely employed to statistically model the optical irradiance [5] since it provides a good fit to the experimental data for weak turbulence. However, Log-normal model largely deviates from the experimental data as the atmospheric turbulence becomes more severe. To overcome this shortcoming, recent work have proposed the so-called Gamma-Gamma (G 2 ) [6] as a model for the FSO fading since it provides a good fit to the experimental data for a wider range of the atmospheric turbulences compared to the Log-normal distribution. However, G 2 fails to provide a good fit with the experimental data especially at the tails. Since the calculation of the fade and the detection probability are essentially based on the tail of the probability density function (PDF), underestimation or overestimation of the tail region affects the performance analysis accuracy and certainly leads to erroneous results. To address this problem, Kashani et. al [7] introduced a new efficient optical fading model called Double Generalized Gamma which not only reflects a wide range of the atmospheric turbulences but also it provides a good fit to the experimental data particularly at the tail region.
As the optical signal propagates in free-space, it is susceptible not only to the atmospheric turbulences but also to the path loss and the pointing error as well. The path loss is basically depends on the link distance and the atmospheric attenuation which describes the weather conditions going from clear air, hazy, rainy and foggy. The work [5] , [8] provide some typical values of the atmospheric attenuations describing the corresponding weather conditions. Moreover, the optical signal is also subject to the pointing error which can be described as the misalignment between the laser-emitting relay and the receiver photodetector. In fact, this misalignment is mainly caused by the building sway and seismic activities resulting in the pointing error that may arise severely as the relays and the receiver are located on tall buildings. The pointing error can be interpreted as an additional FSO fading that requires an accurate model to quantify its impact on the FSO signal. Uysal et. al [9] have proposed various models for the radial displacement of the pointing error assuming a Gaussian laser beam. The most general model proposed is called Beckmann pointing error model and there are various special cases derived from it. Previous work have assumed that the radial displacement can be modeled as Rician [10] , Hoyt [11] , NonZero-Mean and Zero-Mean Single-Sided Gaussian [12] but the most prevalent one is Rayleigh [13] , [14] for simplicity. Furthemore, the optical signal could be detected following different schemes and the most widely used are the heterodyne and intensity-modulation and direct detection (IM/DD) [15] . Although previous work have shown that the heterodyne configuration outperforms IM/DD, it is still hard to be implemented in the system. As a result, recent work have focused on IM/DD with on-off keying (OOK) due to its cost effective and easy implementation, however, this scheme requires an adaptive threshold for the demodulation [15] . To address this shortcoming, the subcarrier intensity modulation (SIM) has been suggested as an alternative to IM/DD with OOK since this technique states that the RF signal is premodulated before the laser modulation [16] .
It is true that the FSO contributes in densifying the number of users, the cellular networks still suffer from low signal coverage in some areas mainly located in forests and mountains where the optical signal cannot travel to such long distances and it is also heavily absorbed by the intermediate objects due to its high frequency. In an attempt to increase the coverage and the scalability of the network, one way is to implement the relays between the source (S) and the destination (D). Because of this advantage, cooperative relaying-assisted communication is considered as one of the key technologies for the next generation wireless communications because it plays an important role in improving the Quality of Service (QoS), reliability and coverage [17] . The majority of the research attempts investigated mixed RF/FSO system considering various relaying schemes. The most prominent ones are Amplify-and-Forward (AF) [18] , [19] , Decode-and-Forward (DF) [20] , Quantize-and-Encode (QE) [21] , and Quantize-and-Forward (QF) [22] . Moreover, many research attempts have assumed systems employing either single or multiple relays. For the single relay system, there is only one way to forward the signal to the destination through the relay. However, for multiple relay systems, there are two possible ways either sending parallel transmissions when simultaneously activate all the relays or selecting one relay among the total set. In fact, there are many relay selection protocols such as opportunistic relay selection, partial relay selection [23] , distributed switch and stay, max-select protocol and all active relaying [24] . The latter is not well recommended since the receiver will suffer from the synchronization problem which occurs when using optical communications.
Although many contributions of the mixed RF/FSO system are presented and validated but these attempts considered ideal hardware without impairments. In fact, these impairments can be neglected for low rate systems but cannot be omitted in case of high rate systems especially when we introduce optics in order to improve the transfer rate. In practice, hardware always suffers from impairments, e.g., High Power Amplifier (HPA) non-linearities [25] , phase noise [26] and IQ imbalance [27] . Given that the relays have low-cost, they are certainly of low quality and hence their tranceivers are more prone to impairments. Qi et. al [28] concluded that the impairments have deleterious effects on the system by limiting its performance in terms of outage probability, symbol error rate and channel capacity especially, in the high Signal-to-Noise Ratio (SNR) regime. In fact, previous work [29] demonstrated that the impaired systems have a finite capacity limit at high SNR while there are floors for both the outage probability and the symbol error rate [30] . Regarding the HPA non-linearities, this impairment is originated by the non-linear relaying amplification and as a result a non linear distortion is created and affects substantially the quality of the signal. In practice, there is a finite maximum output level for which any power amplifier can produce it and such saturation level is basically amplifier-dependent and varies to some extent but regardless of the amplifier model, this ceiling level is always bounded. In case when the power amplifier becomes unable to produce such power level, a signal distortion over the peak may arise and such phenomena is called clipping (clipping factor) of the power amplifier. In addition, the HPA model can be classified into two categories which are memoryless HPA and HPA with memory. The HPA is considered memoryless or frequency-independent if its frequency response characteristics are flat over the operating frequency range and in this case, the HPA is fully characterized by the two characteristics AM/AM (amplitude to amplitude conversion) and AM/PM (amplitude to phase conversion). On the other hand, the HPA is said to be with memory if its frequency responce characteristics are totally dependent on the frequency components or to the thermal phenomena [31] . Such model can be classified as Hammerstein system that can be modeled by a series of a memoryless HPA and a linear filter. There are many types of this impairment that have been already covered in the literature but the most widely used are Soft Envelope Limiter (SEL), Traveling Wave Tube Amplifier (TWTA) and Solid State Power Amplifier (SSPA) or also called the Rapp model [32] . The SEL is typically used to model a HPA with a perfect predistortion system while the TWTA has been primarily considered to model the non-linearities effect in OFDM system. However, the SSPA is characterized by a smoothness factor to control the switching between the saturation and the linear ranges. This model effectively discusses a linear characteristic for low magnitudes of the input signal and then it is limited by a definite constant saturated output. As the smoothness factor grows largely to infinity, this HPA model becomes the SEL impairments model.
B. Literature
The existing work of the mixed RF/FSO systems cover various permutations of the system parameters. The authors in [33] , [34] consider dual-hop hybrid RF/FSO system employing AF with fixed gain (FG). Particularly, Zedini et. al in [33] derive the outage probability, the bit error rate (BER) and the ergodic capacity assuming that the RF and FSO follows Nakagami-m and unified G 2 , respectively. Besides, Al-Quwaiee et. al in [34] present the same performance as the aforementioned work but they assume that the RF and FSO channels experience Rayleigh and Double Generalized Gamma fading, respectively. On the other side, [35] , [36] develop asymmetric dual-hop mixed RF/FSO systems with variable gain (VG). Ansari et. al in [35] derive novel closed-forms of the outage probability, BER and the average capacity where the RF and FSO links experience Rayleigh and unified G 2 while Yang et. al in [36] derive the same performance achieved by [35] but they assume transmit diversity at the source and selection combining at the receiver. In addition the RF links are subject to Nakagami-m while the FSO fading is modeled by Málaga distribution. Further work [6] , [37] assume mixed RF/FSO multiple relays systems with outdated CSI and they extend their work compared to the previous attempts by considering non-ideal hardware suffering from an aggregate model of hardware impairments. Although, the aforementioned work have considered many permutations of the system parameters, they did not consider more realistic and practical RF/FSO system including both the spatial diversity brought by the multiple relays and a particular model of the HPA non-linearities rather than assuming a general model of impairments. Hence, the contribution of this work is the objective of the next subsection.
C. Contribution
In this paper, we introduce two impairment models SEL and TWTA to the relays over a dualhop mixed RF/FSO system with multiple relays. As a strategy to select the best candidate relay, we adopt the partial relay selection protocol with outdated channel state information (CSI) based on the partial knowledge of the first hop. In fact, the channels are generally time-varying and due to the slow feedback delay from the relays to the source, the CSI used for the relay selection is outdated and so the selected relay is not necessarily the best choice. Moreover, we consider AF for both Fixed Gain (FG) and Variable Gain (VG) relaying and we assume that the optical signal can be detected following either heterodyne or IM/DD while a subcarrier signal is used to modulate the intensity of an optical carrier (representing SIM technique). We also consider different types of modulation to get accurate insights into the study of the bit error probability under the conditions of the impairments. To the best of our knowledge, this is the first work presenting a global analytical framework of mixed RF/FSO system with multiple relays suffering from various types of impairments. The contribution of this work are as follows:
• Present a detailed description of the system architecture and the different models of impairments, we then take into account a macroscopic analysis and study the impact of the hardware impairments on the system performance.
• Specify the statistics of the RF and the optical channels in terms of the probability density function (PDF), the cumulative distribution function (CDF) and the high order moments.
• After calculating the end-to-end Signal-to-Noise-plus-Distortion Ratio (SNDR) for both FG and VG relaying, we present the analytical formulations of the outage probability, the bit error probability, the ergodic capacity, the upper bounds and the asymptotic high SNR for SEL and TWTA and for various system parameters permutations such as the time correlation of the CSI, the atmospheric turbulence condition, the number of the relays, the rank of the selected relays, the path loss and the pointing error. Once the impacts of these parameters are quantified on the system performance, we can derive quantitative summaries and valuable engineering insights to draw meaningful conclusions and observations of the proposed system.
D. Structure
This paper is organized as follows: section II describes the system and the HPA non-linearities models. The system performance in terms of the outage probabilty, the bit error probability and the ergodic capacity analysis for FG and VG relaying are presented in section III and IV, respectively. Numerical results and their discussions are given in section V. The final section discusses the summary of this work.
E. Notation
For the sake of organization, we provide some useful notations to avoid the repetition. f h (·) and F h (·) denote the PDF and CDF of the random variable h, respectively. The Generalized Gamma distribution with parameters α, β and γ is given by GG(α, β, γ). In addition, the Gaussian distribution of parameter µ, σ 2 is denoted by N (µ, σ 2 ). The operator E [·] stands for the expectation while Pr(·) denotes the probability measure. The symbol stands for "distributed as".
II. SYSTEM AND CHANNELS MODELS

A. System Model
Relay Selection Protocol: Our system consists of S, D, and N relays wirelessly linked to S and D. As mentioned earlier, these relays amplify the incoming signal and then forward it to the destination. The amplification gain can be either FG or VG. FG relaying consists of amplifying the signal based on the average received SNR. However, VG relaying consists of amplifying the signal based on the received instantaneous SNR. To select the candidate relay of rank m, we refer to the Partial Relay Selection (PRS) with outdated CSI to pick the best one based on the local feedbacks of the RF channels. For a given communication, S receives local feedback (γ 1(i) for i = 1,. . . N) of the first hop obtained by the channel estimation from the N relays and arranges them in an increasing order of amplitudes as follows:
The best scenario is to select the best relay (m = N). However, the best relay is not always available, so S will pick the next best available relay. Thus PRS consists of selecting the m-th worst or (N -m)-th best relay R (m) . Given that the local feedback coming from the relays to S are very slow and the channels are very time-varying, the CSI that is used for the relay selection is not the same as the CSI used for the transmission. In this case, an outdated CSI must be considered instead of a perfect CSI. As a result, the current and outdated CSI are correlated with the correlation coefficient ρ as follows
where ω m is a random variable that follows the circularly complex Gaussian distribution with the same variance of the channel gain h 1(m) . The correlation coefficient ρ is given by the Jakes' autocorrelation model [38] as follows
where J 0 (·) is the zeroth order Bessel function of the first kind, T d is the time delay between the current and the delayed CSI versions and f d is the maximum Doppler frequency of the channels.
: Relaying base station : Uplink RF signal : Downlink FSO signal : Two-microcells intersection : Three-microcells intersection High Power Amplifier Non-linearities Models: Since the distortion created by the HPA nonlinearities is not linear and so the analysis will be somewhat complex, we refer to the Bussgang linearization theory to linearize the distortion. This theory states that the output of the non-linear HPA circuit is a function of the linear scale parameter Ω of the input signal and a non-linear distortion ς uncorrelated with the input signal and modeled as a complex Gaussian random variable ς CN (0, σ 2 ς ). According to [26] , [39] , the parameters Ω and σ 2 ς for SEL are given by [25, Eq. (17) ]
For TWTA, Ω and σ 2 ς are given by [25, Eq. (18) ]
where A sat , σ 2 r , erfc(·) and Ei(·) are the input saturation amplitude of the power amplifier, the mean power of the signal at the output of the gain block, the complementary error function, and the exponential integral function, respectively.
We also provide the expressions of the clipping factor for SEL and TWTA [26, Eqs. (13) , (14)] as follows
We also define the so-called the input back-off (IBO) given by IBO = A 2 sat σ 2 . Fig. (2) illustrates the amplitude to amplitude (AM/AM) characteristics of the SEL, and TWTA with respect to the normalized input modulus for A sat = 1. 
After integrating the above expression, the CDF of γ 1(m) can be obtained as
Using the identity [41, Eq. (3.326.2)], the t-th moment of γ 1(m) can be derived the as follows
2) Statistics of FSO channels: The FSO part consists of three components I a , I l , and I p which are turbulence-induced fading, the path loss and the pointing error fading, respectively.
The channel gain I m of the FSO between the relay R (m) and D can be expressed as follows
The table below summarizes the parameters of the optical part. 
The pointing error I p made by Jitter can be given as [5, Eq. (9)]
Assuming that the radial displacement of the beam at the detector follows the Rayleigh distribution, the PDF of the pointing error can be expressed as follows
The pointing error coefficient can be expressed in terms of the Jitter standard deviation and the equivalent beam waist as follows
We can also relate ω zeq with the beam width ω z of the Gaussian laser beam at the distance L as follows
where
, and erf(·) is the error function. The fraction of the collected power A 0 at the relay is given by
The Gaussian beam waist can be defined as
, and σ 2 R is the Rytov variance given by [42, Eq. (15) ]
The turbulence-induced fading I a is modeled by the Double Generalized Gamma and can be expressed as the product of two independent random variables I Thereby, the PDF of the turbulence-induced fading I a can be given by [7, Eq. (4) ]
where G m,n p,q [·] is the Meijer's-G function, p and q are positive integers satisfying p q = α 1 α 2 and ∆(j ; x) = ∆ x j , . . . , x+j−1 j . In case of the heterodyne detection, the average SNR µ 1 is given
. Regarding the IM/DD detection, the average electrical SNR µ 2 is given by
. Unifying the two detection schemes and applying the transformation of the random variable γ 2(m) = (ηIm) r σ 2 0 , the unified PDF of the instantaeous SNR γ 2(m) can be expressed as follows
where σ 2 0 , η are the channel noise and the electrical-to-optical conversion coefficient, respectively. The parameter r takes two values 1 and 2 standing for heterodyne and IM/DD, respectively. The vectors κ 1 and κ 2 are given by
The average SNR γ r 1 can be expressed as
where µ r is the average electrical SNR given by
After integrating Eq. (19), the CDF of the instantaneous SNR γ 2(m) can be expressed as follows
The vectors κ 3 and κ 4 are given by
where [x] j is defined as the vector of length j and its components are equal to x.
After changing the variable of the integration (x = γ − α 2 p r ) and applying the following identity [44, Eq. (2.24.2.1)], the t-th moment of the optical SNR can be derived as follows
The average SNR γ r is defined as γ r = η r E [I r m ] /σ 2 0 , while the average electrical SNR µr is given by µr = η r E [Im] r /σ 2 0 . Therefore, the relation between the average SNR and the average electrical SNR is trivial given that
si is the scintillation index [43] .
III. PERFORMANCE ANALYSIS OF FIXED GAIN RELAYING
This relaying scheme consists of amplifying the signal by a fixed gain based on the average received CSI. The gain factor can be expressed as follows
where P 1 is the average transmitted power from S. The end-to-end Signal-to-Noise-plus-Distortion-Ratio (SNDR) can be expressed as follows [26, Eq. (16) ]
The HPA non-linearities factor κ can be given by [26, Eq. (17) ]
Note that for the case of linear relaying, the factor κ is reduced to one and so the end-to-end SNR (27) describes an ideal system.
A. Outage Probability Analysis
The outage probability (OP) is defined as the probability that the end-to-end SNDR falls below a given threshold γ th . It can be generally written as
where F γ e2e (·) is the CDF of the end-to-end SNDR. After substituting (27) in (29), the OP can be derived as follows
, and the vectors κ 5 , κ 6 are given by 
The operator ∆(· : · : ·) is defined by ∆(r : j : x) = ∆ ∆ r : x j , . . . , ∆ r : x+j−1 j .
Proof: The proof of Eq. (30) is given in Appendix A.
We also derive the asymptotic high SNR using the expansion of the Meijer's-G function for large values of the average electrical SNR µ r as follows
Eq. (32) provides engineering insights about the achieved gain such as the diversity order G d . Note that the system saturated at high SNR since the impact of the hardware impairments becomes more pronounced at high rate, and hence an outage floor is created. Consequently the system achieves no gain G d = 0. In the absence of the hardware impairments, the system achieves a diversity gain equal to
Note that in our previous work [25] , the system employs the opportunistic relay selection protocol with outdated CSI. We proved that the diversity gain achieved is equal to G d = N for full correlation (ρ = 1) and G d = 1 for outdated CSI (ρ < 1). Since this proposed system employs partial relay selection, however, the diversity gain for the RF sub-system is always G d = 1 for either perfect or outdated CSI.
B. Bit Error Probability Analysis
The bit error probability (BEP) expression can be given by
where v, δ, τ , and q k vary depending on the type of detection (heterodyne technique or IM/DD) and modulation being assumed. It is worth accentuating that this expression is general enough to be used for both heterodyne and IM/DD techniques and can be applicable to different modulation schemes. The parameters v, δ, τ , and q k are summarized in Table II . 
Heterodyne † In case of OOK modulation, the parameters v, δ, τ , and q k are given by [ The average bit error probability expression in (34) can be rewritten in terms of the CDF by using integration by parts as
First, we should replace the expression of the CDF of the end-to-end SNDR (30) in (35) 
C. Ergodic Capacity Analysis
The system capacity, expressed in bps/Hz, is defined as the maximum error-free data rate transferred by the system channel. It can be expressed as follows
where can take the values 1 or e/2π for heterodyne or IM/DD, respectively. After some mathematical manipulations, the ergodic capacity can be expressed in terms of the complementary CDF F γ as follows
After replacing the complementary CDF of (30) 3)] and after some mathematical manipulations, the average ergodic capacity can be derived as follows
where H m 1 ,n 1 :m 2 ,n 2 :m 3 ,n 3 p 1 ,q 1 :p 2 ,q 2 :p 3 ,q 3
[·, ·] is the bivariate Fox-H function. An efficient MATLAB implementation of this function is given in [48, Appendix(B) ].
Since the relays are impaired, we can also derive a ceiling in terms of the impairment clipping factor that limits the capacity as the impairment becomes more severe. This ceiling is given by [26, Eq. (37) ]
IV. PERFORMANCE ANALYSIS OF VARIABLE GAIN RELAYING
This relaying scheme consists of amplifying the signal by a variable gain based on the instantaneous received CSI. The gain factor can be written as follows
The end-to-end SNDR can be formulated as follows [29, Eq. (14) ]
The closed-form of the end-to-end SNDR statistics in (42) is mathematically intractable. Thereby, we consider an approximate expression of the end-to-end SNDR as follows
A. Outage Probability Analysis
Since the derivation of the OP is intractable, we derive a tight upper bound based on (43) as
To get a deep scope about the system behavior, we derive an asymptotic high SNR using the Meijer's-G expansion of the CDF of γ 2(m) as follows
B. Bit Error Probability Analysis
Since a closed-form of the BEP derived by introducing the upper bound (44) in (35) is not solvable due to the impairment factor, we can only derive an asymptotic high SNR expression of the BEP. At high SNR, the CDF of the overall SNDR can be approximated as follows (47) . 20 
C. System Gains
For the most coherent linear modulation, the BEP can be reformulated as follows
where Q(·) is the Gaussian-Q function, and c is a parameter related to the format of the modulation, e.g, c = 2 stands for BPSK modulation. After applying an integration by parts on Eq. (48), BEP can be written as
The derivation of the closed-form of the BEP is mathematically not tractable due to the presence of the terms related to the hardware impairments. Thereby, a numerical integration is needed. As we mentioned earlier, the hardware impairments introduces indesirable effects on the reliability of the system and this effects become more significant for high SNR range. As a result, an irreducuble floor is created and degrades the error performance as the transmitted power increases.
Therefore, the diversity gain G d is equal to zero. Now, considering an ideal system and since the CDF of the instantaneous SNR consists of complex functions such as the Meijer-G function, such function did not unpack engineering insights about the system gains. Consequently, it is more meaningful to derive the BEP at high SNR range as follows
where G d and G c are the diversity and the coding gains, respectively. To get this form of the BEP, we refer to the technique proposed by [49] , [50] to approximate the PDF of the overall SNR as follows
From the above approximation, the asymptotical high SNR expression of the BEP can be written
as
where a is a constant and b must be a natural number for the first equation in (52) and not necessarily an integer for the second equation. Consequently, we derive the approximate expression of the PDF to find the diversity gain G d = b + 1 and the coding gain G c . Given that the CDF of the overall SNR for the ideal case, it can be approximated at high SNR region as
Deriving (53) gives the approximate PDF of the end-to-end SNR as
Since γ 1(m) is exponentially distributed under the assumption of PRS with outdated CSI, b is equal to zero. On the other side, the high SNR approximation of f γ 2(m) can be derived by using the expansion of the Meijer-G function given by Eq. (45) . Note that for Eq. (46), we must substitute κ = 1 to consider the ideal case.
Consequently, the PDF of γ 2(m) can be written as
where D is a constant parameter. After combining the PDF approximations of γ 1(m) and γ 2(m) , the PDF of the overall SNR can be derived as follows
Finally, the diversity gain G d can be given by
While the coding gain G c can be derived as follows
D. Ergodic Capacity Analysis
The closed-form can be computed by numerical integration using the PDF of the end-to-end SNDR. However, deriving a closed-form of the channel capacity in our case is very complex if not impossible. To overcome this problem, we should refer to the approximation given by [29, Eq. (35)]
Given that the RF and FSO channels are independent and using (44), we can derive an approximate expression of the ergodic capacity.
To characterize the ergodic capacity of our system, we derive an upper bound using the following theorem:
Theorem 1: For asymmetric (Rayleigh/Double Generalized Gamma) fading channels, the ergodic capacity C in (bps/Hz) with AF and non-linear relaying has an upper bound using the Jensen's inequality as follows
The term J is given by Eq. (61). The capacity ceiling C c is the same as the FG relaying scheme (40) .
Proof: The proof of Eq. (61) is provided in Appendix B. 
V. NUMERICAL RESULTS AND DISCUSSION
In this section, we verify the analylical expressions with the numerical results using the Monte Carlo simulation 1 . Temporally correlated Rayleigh channel coefficients are generated using (1).
The atmospheric turbulence I a is generated using the expression I a = I aX × I aY , where the two independent random variables I aX and I aY follow the Generalized Gamma distribution using [51] . In addition, the pointing error is simulated by generating the radial displacement R following the Rayleigh distribution with scale equal to the jitter standard deviation (σ s ) and then we generate the samples using (11) . Since the path loss is deterministic, it can be generated using the relation (10) . Table III summarizes the main simulation parameters. In addition, the relays are supposed to be impaired by SEL impairments and the receiver employs the IM/DD as a method of detection. For both correlation values, we observe that the performance deteriorates as the γ th becomes higher and this result is certainly expected since for a given SNDR, the probability that the SNDR falls below a higher outage threshold becomes higher.
For a given threshold, the system works better when the best relay of the last rank (m = N ) is selected according to PRS protocol. We observe that the performance improves as the correlation coefficient increases. For a perfect CSI estimation (ρ = 1), there are full correlation between the two CSIs and the selection of the best relay is certainly achieved based on the feedback or the outdated CSI. However, for a completely outdated CSI (ρ = 0) the two CSIs are completely uncorrelated and hence the selection of the best relay is uncertain since the selection is based on a completely outdated CSI. As a result, the performance deteriorates substantially. Fig. 4 illustrates the variations of the OP of VG relaying versus the average SNR for moderate and strong atmospheric turbulences considering both the heterodyne and IM/DD as a detection scheme at the receiver. For moderate turblence (higher values of α 1 , α 2 ), the system works better for the heterodyne mode compared to IM/DD. As the turbulence-induced fading becomes severe (lower values of α 1 , α 2 ), the system performs worse compared to the first case. We also observe that the system works better for IM/DD under moderate turbulence than the heterodyne mode for severe turbulences even though the heterodyne mode outperforms the IM/DD. It turned out that the system depends to a large extent on the state of the optical channel. Fig. 5 provides the variations of the OP for FG relaying against the average SNR for different values of the pointing error coefficients. In addition, the relays suffer from TWTA impairments and the receiver detects the incoming signal using IM/DD method. We observe that the system works better as the pointing error coefficient decreases. In fact, as this coefficient ξ decreases, the pointing error fading becomes more severe. For a given average SNR of 30 dB, the system achieves roughly the following outage values 2 10 −3 , 2.5 10 −2 , 0.1 and 0.5 for the pointing error coefficients equal to 0.4, 0.7, 0.9 and 1.2, respectively. It turned out that the outage performance gets better as the pointing error coefficient becomes higher and thereby we prove again that the system depends substantially on the state of the optical channel. 6 presents the dependence of the outage probability of FG relaying versus the average SNR for various weather conditions. The system is also assumed to suffer from the SEL impairments while the IM/DD is adopted as the detection technique. We observe that for lower weather attenuation, the system works better. However, as the path loss becomes more severe, the performance gets worse. Thereby, the system proves its high dependence on the third component of the optical fading which is the atmospheric path loss. Fig. 7 illustrates the variations of the BEP of FG relaying with respect to the average SNR for various modulation schemes given in table II. The relays are impaired by the SEL imperfection and the receiver uses the heterodyne mode to detect the incoming FSO signal. We observe the accuracy of the expression of BEP since it matches the exact Monte Carlo simulation. We also note that the system works better for BPSK, however, the performance gets much worse for 64-QAM modulation. In fact, there is a tradeoff between these two modulation schemes: BPSK yields lower error while the 64-QAM provides much more bandwidth efficiency which is very advantageous. Fig. 8 presents the dependence of the ergodic capacity of FG relaying against the average SNR provided that the system suffers from either SEL or TWTA HPA impairment. For low average SNR, the system response to both SEL and TWTA is still acceptable as the impacts of the two HPA impairments are the same and also negligeable. Hence, in this SNR range, we can neglect the impacts of the SEL and TWTA and consider the system operating under linear relaying. However, as the average SNR increases and for a given IBO value equal to 10 dB, the impact of TWTA becomes more severe than SEL and this can be shown by the saturation of the capacity by an irreducible ceiling which is roughly 6.2 bps/Hz. Although, the relays's amplifiers for both SEL and TWTA are characterized by having the same IBO value, the system performance degrades substantially under the TWTA impairments. We also note that even for high SNR, the SEL impact is still acceptable on the system performance since the capacity is not limited by a ceiling or a floor at least in this SNR range (below 45 dB). It turned out that the system operates better in acceptable conditions under the SEL impairments than the TWTA for a given IBO level. Fig. 9 shows the variations of the ergodic capacity of VG relaying versus the average SNR for different values of IBO. The relays suffer from the SEL impairments and the receiver detects the signal following IM/DD. Clearly, the three characteristics of the ergodic capacity, which are the exact Monte Carlo, approximate and upper bound, deviate from each other for low SNR but they overlap asymptotically at high SNR. Although the approximation given by (44) has no theoretical foundations, it is more tighter to the exact capacity compared to the upper bound derived from the Jensen's inequality. Graphically, we observe that the ergodic capacity saturates by the hardware ceilings created by the HPA non-linearities as shown by Fig. (9) . In addition, these ceilings disappear for an IBO = 30 dB but the performance is limited for the case of lower values of IBO. For the following values of IBO equal to 0, 3 and 5 dB, the system capacity is saturated by the following ceiling values 4, 5.9 and 7.9 bps/Hz, respectively.
Note that these ceilings are inversely proportional to the values of the IBO. In fact, as the IBO increases, the saturation amplitude of the relay amplifier increases and thereby the distortion effect is reduced. However, as the IBO decreases, i.e, the relay amplifier level becomes lower, the nonlinear distortion impact becomes more severe and the channel capacity substantially saturates. Note that the capacity ceiling depends only on the hardware impairment parameters like the clipping factor and the scale of the input signal and not on the system parameters as the number of the relays and the channel parameters. Hence, it is straightforward that for any system suffering from the hardware impairments, the channel capacity is always limited by the impairment ceiling regardless of the system configuration such as the channels nature (RF/FSO) and the number of the relays, etc. Fig. 10 illustrates the variations of the outage probability with respect to the IBO. Clearly, we observe the distortion impact on the performance by the creation of the outage floor. This floor essentially saturates the system since the relay amplifier is not able to provide the required power and as a result a clipping and a distortion both affect the signal. As the IBO increases, i.e, the saturation level of the relay enhances and the amplifier can provide higher amount of power.
Consequently, the impacts of the distortion and the clipping on the signal are mitigated. This case is importantly manifested for IBO = 8 dB, although, the inevitable outage floor is created, the system is still working better than for the case of lower IBO values.
VI. CONCLUSION
In this paper, we investigate a mixed RF/FSO systems with multiple relays where the RF and FSO links are modeled by Rayleigh and unified Double Generalized Gamma distributions, respectively. PRS with outdated CSI is assumed to select one relay among the set since the channels are time-varying and hence the selection is primarily based on the outdated CSI due to the propagation delay. We also consider FG and VG relaying schemes for the global performance analysis and we introduce the SEL and TWTA HPA non-linearities to the relays that occur during the amplification. We derive new closed-forms of the OP, BEP and ergodic capacity and we also evaluate the asymptotic performance of the system at high SNR regime. We show that the system works better for weak optical fading such as the turbulence-induced fading, the atmospheric path loss and the pointing error fading, howerver, as the FSO fading becomes severe, the performance gets worse even for better system configuration. We also prove that a better correlation of the CSIs yields a lower outage performance. Additionally, the analysis of the ergodic capacity shows that for a given IBO, the effect of the HPA non-linearities can be neglected and the system can be considered operating under linear relaying regime. However, as the average SNR increases, the system performance becomes very sensitive to the TWTA and the capacity saturates quickly around 30 dB than for the SEL impairments. Practically, the SEL amplifier is shown to be more efficient than TWT amplifier since it allows the system to operate in acceptable condition for the same amount of IBO. Furthermore, further investigation of the ergodic capacity for CSIassisted relaying prove that the system rate substantially improves as the IBO increases since the constraint on the peak power during the amplification allow the amplifier to provide higher power to the signal without clipping the signal peaks.
APPENDIX A DERIVATION OF THE OUTAGE PROBABILITY FOR FIXED GAIN RELAYING
After replacing (27) in (29), the outage probability can be written as P out (γ th ) = Pr γ 1(m) γ 2(m) κγ 2(m) + c < γ th = Pr γ 1(m) < γ th κ + cγ th γ 2(m) ,
Since the RF and FSO fadings are independent, the OP can be expressed as follows
After changing the variable of the integration (x = γ −1 ), we transform the exponential function the OP can be derived as (30) . APPENDIX B
DERIVATION OF THE CAPACITY UPPER BOUND FOR VARIABLE GAIN RELAYING
Since the derivation of the term J using the expression of the end-to-end SNDR (43) is not tractable, we consider an approximation of (43) . In this context, we define the term J as follows
Using the integral identity [52, Eq. 
